ABSTRACT A low-frequency spaceborne synthetic aperture radar (SAR) working system, e.g., operating at the L-band or P-band, has great advantages of military target detection and biomass monitoring. Nevertheless, it is more susceptible to ionospheric effects compared with the higher frequency system. A transionospheric wave propagation model is established in this paper to incorporate ionospheric effects on SAR signals. As one of the significant distortion sources for the polarimetric SAR (PolSAR), Faraday rotation (FR) is mainly imposed by background ionosphere, and its spatial variation is discussed. FR estimators have been devised in succession to estimate FR angle (FRA), and various potential novel estimators can still be derived. But, from a viewpoint of theoretical expressions, the earliest estimator is bound to be the optimal one. Based on PolSAR real data, this mathematical conclusion is further validated via comprehensive performance analysis as to estimation bias and standard deviation rather than the existent root-mean-square principle. Finally, a step-by-step procedure of the FRA map is proposed and operated with an application of the airborne P-band PolSAR data. In particular, the ambiguity error of FRA estimates within a SAR observation is simulated and resolved. By processing the ALOS-2 real data, the spatial distribution of FRAs is retrieved and used to operate ionospheric total electron content soundings.
I. INTRODUCTION
There has been a burgeoning trend in the development of the spaceborne L-band or P-band synthetic aperture radar (SAR) system, for realizing foliage and subsurface penetration; it has potential advantages of investigating military targets, monitoring soil moisture or retrieving global biomass [1] - [3] . The L-band missions have been already in-operation, e.g. the Advanced Land Observing Satellite (ALOS) Phased Array Type L-band Synthetic Aperture Radar (PALSAR) and its follow-on mission of ALOS-2 [4] , [5] . Fortunately, a free archive with abundant PALSAR data has become available for our research and thereby relevant real data processing has come true. Furthermore, the spaceborne P-band SAR mission called Biomass that aims at forest coverage observation and global biomass measurements is put on agenda by European Space Agency (ESA). However, these low-frequency missions may be significantly influenced by ionospheric impacts, including dispersion, phase advance, group delay, Faraday rotation (FR), and scintillation [6] - [10] . It is well known that the total electron content (TEC) is a key parameter to describe ionospheric status, which indicates the integration of electron density along the propagation path. The unit of TEC (TECU) is 10 16 electrons/m 2 .
In particular, a radio signal propagating through the ionosphere experiences a rotation angle of the polarization vector. That is the FR phenomena, a significant distortion source for the polarimetric SAR (PolSAR) application [11] - [17] . It will differentiate the cross-polarized echoes, enhance the like-tocross-polarized correlation and blend in polarized terms [15] . The FR angle (FRA) is inversely proportional to the square frequency so that the FR effect becomes more significant for the low-frequency case; at solar maximum, the one-way FRA can arrive at as large as 40 degrees at L-band and 321 degrees at P-band [13] - [15] . The polarimetric distortions induced by ionospheric perturbations within the azimuth integrated time can be neglected for the most cases [12] . Therefore, due to the probable spatial variation of the ionospheric TEC [8] , FRAs across a SAR image tend to exhibit a spatial-variable distribution. Furthermore, in addition to the essential variation of the background ionosphere, the slant TEC (STEC) varying from close to far swath is an important factor to introduce variable components in FRA, which has not yet been recognized in published researches.
The FR influence on the polarimetric scattering matrix has been modeled by using measured scattering matrix, including effects of the system noise, channel imbalance and crosstalk [12] - [16] . FR estimators have been proposed in succession [11] , [15] , [18] - [21] and employed to mitigate the FR effect [22] - [26] . However, there are still a lot of potential novel estimators we can derive from the measured scattering matrix. It seems difficult to operate performance analysis for multiple estimators to determine the optimal one. From a viewpoint of the signal intensity of mathematical expressions, theoretical analysis can be adopted as an assistant reference in this paper. Based on the selected published FR estimators, comprehensive performance analysis will be carried out to validate this mathematical conclusion. The estimation sensitivity to other polarimetric perturbations will be investigated via estimation bias and standard deviation (STD) rather than the existent root-mean-square (RMS) principle in [19] and [20] .
Relevant approaches have been presented to eliminate the ambiguity error of FRA, such as using calibrated scatterers or specific surface characteristics [15] , phase unwrapping [18] and FR prediction [21] . In existence of the system noise, the first approach is in general unpractical without the calibrated targets or specific terrain identities [15] . Phase unwrapping is applicable for the FRA distribution in a global scale [18] , but it is invalid for a random SAR image. FR prediction has been regarded as the most effective approach [21] , but the potential pixel-level ambiguity within a SAR image should be further addressed especially for the P-band mission [22] .
Meyer et al. gave an example that sizable FRA variations could be retrieved from a typical PALSAR data obtained near the magnetic north pole, where ionospheric fluctuations were intensive by choice [23] . It was the substantial variation of the background ionosphere that introduced FRA fluctuations. In fact, it is a peculiar condition for a PALSAR fullpolarimetric data to contain considerable FRA structures due to its narrow observation swath. For the FRA map in PALSAR data, small FRA variations will be sheltered by system noise. In contrast, it is much easier to contain sizable spatial-variable FRA components for the future P-band mission with more sensitivity to ionospheric fluctuations or for the ALOS-2 system with a wider swath. Furthermore, the effectiveness and accuracy of the FRA illustration were not considered in [23] . Therefore, it will be further validated by using airborne P-band PolSAR data, and an intractable condition with the ambiguity error is simulated and addressed. The FRA mapping for the ALOS-2 data will be also performed to retrieve FRA spatial variations mainly introduced by the varying STEC between near and far observation. Subsequently, the retrieved FRA map is applied to mapping STEC or TEC, which is an alternative approach to sounding local ionospheric status.
This paper is organized as follows. It starts with a detail establishment of the wave propagation model in the ionosphere in Section II. A basic description of FRA is given in Section III, where FR prediction and the spatial distribution of FRA are also discussed. In Section IV, published FR estimators are introduced and realized by the real data processing. And their estimation performance is evaluated at first via mathematical expressions to determine the optimal one and then verified by comprehensive performance analysis. An improved strategy of the FRA map is proposed in Section V with consideration of the FRA ambiguity error, and a simulation on basis of the airborne P-band PolSAR data is to confirm the effectiveness of the FRA map. In addition, by utilizing ALOS-2 data, a real data processing example is given to map FRA or ionospheric TEC. Finally, conclusions are summarized in Section VI.
II. WAVE PROPAGATION MODEL IN THE IONOSPHERE
Ionospheric effects on the propagating electromagnetic wave are essentially due to the perturbation of the refractive index, which can be derived by the Appleton-Hartree expression [7] . It is assumed that the signal frequency is not lower than very high frequency (VHF), and thereby the ionospheric refractive index can be approximated as
with
where ω p = N e e 2 mε 0 1/2 and ω are the plasma angular and wave frequencies, µ 0 and ε 0 are the magnetic permeability and dielectric constants in the vacuum, m and e are the mass and charge of an electron, N e is the ionospheric electron density, B = µ 0 H is the local magnetic flux density, and is the angle between the propagation normal and geomagnetic field. If the electric field vector of an electromagnetic wave is established as E = E 0 e −jk 0 ·r with
it indicates the initial status of the Jones vector, in which r is the spatial vector and k 0 is the propagation wavenumber with k 0 = |k 0 | = ω √ µ 0 ε 0 in the vacuum. Shown as ∓ in Equation (1), the electromagnetic wave entering the ionized medium (E i ) splits into extraordinary and ordinary waves; in detail, a linearly polarized wave is respectively separated into right-handed and left-handed circularly polarized waves with equivalent energy, respectively, which can be expressed as
Then, these two intrinsic polarization signals are propagating with the wavenumber factors of k 0 n L and k 0 n R , respectively. Once passing through the ionosphere, they recombine into a new linearly polarized wave with a resulting angular deviation relative to the initial direction of the polarization vector [25] . It is supposed that φ L and φ R are the rotation angles of these two circularly polarized waves integrated along the propagation path. Hence, the electric Jones vector of the new wave can be written as
where ϕ i is the ionospheric phase advance error and is the one-way FRA. Based on (2) and (3), we further obtain [7] ϕ i = λr e TEC s ,
where r e = e 2 4πmε 0 c 2 is the classical radius of an electron, K = e 3 8cε 0 m 2 π is a constant, c is the light speed in the vacuum, λ is the wavelength, and f = ω 2π is the signal frequency. The TEC along the SAR slant range is named as STEC. It can be defined as TEC s = s N e ds ≈ TEC ⊥ · sec χ , where χ is the zenith angle of the ray's penetration into the ionosphere and TEC ⊥ is the TEC along the vertical direction, named as VTEC. After further derivation, (5) can be simplified as
For the strip-map SAR mode, the signal will be transmitted from the antenna, reflected by the scattering target and at last received by the antenna. In this process, it traverses through the ionosphere by twice. Thereby, the received signal can be modeled as
where S hh , S hv , S vh and S vv are the four terms of the scattering matrix S for a linearly polarized system, R and T are the polarimetric distortion matrixes (PDM) of the receiving and transmission system, respectively, δ i , i = 1, 2, 3, 4 are the four crosstalk terms of polarization channels, and f i , i = 1, 2 are the two channel imbalance elements of the receiving and transmission system. Since this paper emphasizes on the FR effect, other ionospheric effects will not be expanded and the RFSFT term in (12) stands for the holistic polarimetric distortion [12] - [15] . Taking the system noise into consideration, the measured scattering matrix M can be modeled as It can be observed from (9) that the one-way FRA is inversely proportional to the square frequency. It is also dependent on the local ionospheric and geomagnetic status. The geometric relationship between the geographic (versus geographic east, north, and up directions) and geomagnetic (versus geomagnetic east, north, and up directions) coordinates is illustrated in FIGURE 1, and the unit vector of the geomagnetic field can be transformed into the geographic coordinate and expressed as
where I and D are the geomagnetic inclination and declination angles, respectively. One method to accurately obtain is to calculate the propagation vector. It should be presented as P = (P tar − P sat ) |P tar − P sat |, which is then transformed into the geographic coordinate, and can be calculated by arccos (P · Q). The another approach is according to an approximation that the orbit inclination is close to 90 • , such as the typical sun-synchronous orbits of the ALOS and ALOS-2 satellites. As a result, the propagation FIGURE 1. Geographic (O-ENZ ) and geomagnetic (O-E'N'Z ) coordinates. VOLUME 7, 2019 vector is also defined in the geographic coordinate, and can be approximated as
where θ i is the incident angle at the ionospheric penetration point, generally approaching to the incident angle or the lookdown angle for the low Earth orbit (LEO) satellite. Therefore, can be easily calculated by
which is consistent with the expression in [15] . Based on the input parameters, such as longitude, latitude, altitude and time, three primary elements of the geomagnetic field, incorporating geomagnetic inclination, declination and intensity, are obtained by adopting International Geomagnetic Reference Field (IGRF). Furthermore, the TEC values for a given spot and area can be predicted by using International Reference Ionosphere (IRI). Therefore, on basis of the specific SAR geometry and the exterior databases of the ionosphere and geomagnetic field, FRA can be predicted by using (9) as an assistant reference, which is beneficial for the polarization calibration. The FR prediction accuracy has been investigated in [23] .
B. FRA SPATIAL DISTRIBUTION
Equation (9) can be rewritten as = σ · TEC s , where σ = KB cos f 2 is called TEC-to-FRA coefficient. It shows an integral sensitivity of the FRA value to the STEC, which can be calculated by using IGRF. In addition, it is approximately constant in a SAR observation range, but moderately spatialvariable in a global scale. With the incident angle set as 30 • and the data set on November 2014, global maps of the TECto-FRA versus deg/TECU are illustrated in FIGURE 2. The L-band (1.27 GHz) and P-band (600 MHz) systems are given, respectively shown in FIGURE 2(a) and FIGURE 2(b). The simulation result indicates a notable dependence of the TECto-FRA coefficient on the geographic location, and for given STEC variations, it is easier to retrieve spatial distribution of the FRA in the high-latitude regions. In addition, the TEC-to-FRA coefficient of the P-band system is larger than that of the L-band system owing to the dependence on carrier frequency, which implies that it is more probable for the P-band mission to retrieve specific variation components of FRAs.
Within a SAR image scope, FRA fluctuations mainly result from STEC variations, which is involved in the VTEC value and the look-down angle. In terms of the essential distribution of the background ionosphere, it can be generally categorized into two groups: the large-scale and medium-scale distributions [8] , [9] . The former is the ionospheric distribution with a macroscopic scale much larger than the image size, leading the holistic homogeneity of the FRA. The latter indicates the medium-scale inhomogeneity of the spatially mild variation with a spatial scale of several kilometers, which is comparable with the image size; thereby it is a potential origin of the spatial-variable FRAs. Another influential element is that the propagation path approximates to be linearly variable across the range orientation of the holistic image, which may result in significant differences of FRAs from the close to far swath. Taking these two factors into account, the FRA distribution within a SAR image can be expressed as a function of the pixel location (x, y), which can be given by
IV. FR ESTIMATION IN POLSAR DATA A. FR ESTIMATORS
It is assumed that FR is the only distortion source due to our focus on FR estimation. Therefore, (15) is simplified as
Based on the backscatter reciprocity principle (S hv = S vh ), M can be expanded as
Hence, the linear or circular polarimetric covariance matrix (PCM) can be derived from (22) , and relevant derivations are attached in the Appendix at the end of the paper. In fact, all of FR estimators can be derived from the measured polarimetric scattering matrix and the linear or circular PCM. The Bickle and Bates' estimator, denoted as B&B, could be expressed as [11] 
It can be derived from (38h). And the corresponding term of Y 23 can be also a function of terms of the linear PCM, which is written as [22] 
Freeman devised two FR estimators, but his first estimator obtained from (22) was an unpractical approach in existence of the system noise [18] . In an attempt to solve this problem, his second estimator (called F2) was proposed to make his first one applicable by utilizing spatially averaging approach, which could be described as
Chen proposed six FR estimators according to (36b)-(36f) and (36h)-(36l); the third and sixth estimators, respectively abbreviated as Ch3 and Ch6, proved to have better robustness than the others and could be given by [19] 
According to the the assumption of the azimuth reflection symmetry, described as O 12 = O 13 = O 24 = O 34 = 0, two estimators were proposed [20] , Li1 and Li2 for short, which could be written as
In premise of the reflection symmetry principle, Wang also proposed an FR estimator, W 1 for short, which was derived from (38b)-(38e) and (38i)-(38l), and could be presented as [21] 
However, all of the above FR estimators suffer an estimation ambiguity error. In concrete terms, B&B and F2 share the FRA ambiguity of kπ/2, and Li1, Li2, Ch3, Ch6 and W 1 share the same ambiguity of kπ, where k is an unknown integer and called the ambiguity magnitude. The FRA ambiguity can be divided into pixel-level and the holistic image-level ambiguity, which will affect the estimation performance [22] . It is in general supposed that FRA estimates are normally distributed, and tend to be significantly influenced by system noise, and hence take on a dispersive distribution around the average value. Data 5 is selected and applied to the Pauli decomposition and shown as a pseudo image in FIGURE 3(a). Radar parameters corresponding to Data 5 are summarized in TABLE 1. The original PolSAR data is then implemented via B&B for instance as to each pixel, and the result is shown in FIGURE 3(b) . It is indicated that the FRA estimates with a mean value of 3.8393 • and an estimated accuracy of 9.0664 • are imposed by a scattering distribution ranging from −45 • to 45 • mainly because of the considerable noise. Besides, the evident dependence on surface features emerges in the FRA estimates, which is resulted from different SNRs as to various surface features. Moreover, for river or lake regions, the FRA estimates tend to be more scattering owing to the lower SNR in these areas. Averaging by a box car filter according to the mathematical expectation in the expressions of FR estimators is a practical method to restrict system noise [19] - [21] . FRA estimates passing through an average filter with 10×10 pixels is illustrated in FIGURE 3(c) with a mean value of 4.0946 • and an estimated accuracy of 0.7518 • , and the result indicates a more centralized distribution than that in FIGURE 3(b) , due to the depressed system noise. The scattering distribution diagram is valuable for a better description, and |Y 23 | = Z 21 Z * 12 can be regarded as the signal intensity that is relative with the signal to noise ratio (SNR) [23] . The FRA estimates in FIGURE 3(b) and FIGURE 3(c) are shown as scatter diagrams in FIG-URE 4(a) and FIGURE 4(b), respectively. It is indicated that those pixels or blocks with higher SNRs tend to have FRA estimates closer to the average value. As shown in 
FIGURE 4(b)
, an approximately normal distribution of FRA estimates are more concentrated due to the use of a box car filter. Without special declaration, all following experiments of FR estimation will be performed by utilizing a box car filter with a 10 × 10 window, according to the mathematical expectation in the corresponding expressions of relevant FR estimators.
FR estimation with an average filter is operated by utilizing Data 1 − 5 and results of the average values are summarized in TABLE 2. It can be observed that the FRA estimates of the respective estimators are close with each other, other than F2, which seems to be a distinctive and unqualified one, with the FRA estimates much larger than the others. Furthermore, all summarized FRA estimates are lower than 10 • . It is mainly due to the fact that both two satellites ran in sun-synchronous orbits and acquired raw data at the local time of night, when the TEC was in a low condition. By the way, the two satellites experienced a minimum of the ionospheric activity in the 11-years solar cycle [23] .
C. THEORETICAL ANALYSIS OF ESTIMATION PERFORMANCE
At first, it should be noted that the backscatter reciprocity and azimuth reflection symmetry principles are both conditioned in Li1, Li2 and W 1, while B&B, F2, Ch3, Ch6 are merely in premise of the backscatter reciprocity. As polarimetric measurements within a SAR image are not uniformly oriented in azimuth direction, that is only satisfied for simple scattering models [14] , [15] , the hypothesis of so-called reflection symmetry is not ideally tenable. As a result, Li1, Li2 and W 1 may not be robust as to the complex scattering type.
Besides the above-mentioned published estimators, potential combination of the items in (36) and (38) can obtain new FR estimators, for example
and so on. We have also made some efforts to look for a novel estimator with the optimal robustness, like the jobs made in [18] - [21] , but it fails. In fact, tens of potential new estimators can be derived from the linear or circular PCM, nevertheless it is intractable to operate performance analysis for so many estimators to select the optimal one. No matter what is the item combination to produce new estimators, the signal amplitude can be an alternative principle to evaluate estimation performance as to the signal to noise ratio (SNR) in theory. In detail, the signal amplitude of (38h) in B&B is {O 11 [14] . It shows the low SNR for FR estimation of Ch6 and Li2. In addition, the signal amplitude of Li1, W 1 and the two new estimators is related to the differential intensity of the HH and VV channels. To sum up, the signal amplitude in the earliest estimator is the largest one in theory; B&B is bound to have the optimal robustness, which will be verified in next analysis.
D. PERFORMANCE ANALYSIS OF FR ESTIMATORS 1) SENSITIVITY TO OTHER POLARIMETRIC DISTORTIONS
According to (15) , the measured scattering matrix is influenced by other polarimetric distortions in addition to FR, e.g., system noise, channel imbalance and crosstalk [18] - [21] . As a result, it is necessary to assess the impacts of these system perturbations on FR estimators. Then, experiments should be implemented by adding these element to a data without FR effects. A pure real data can be obtained after the symmetrization operation on the original data, which is easily expressed as M sym hv
Furthermore, the signal to noise ratio (SNR) for a full polarimetric SAR data is defined as
and the SNR is artificially varying from 0 dB to 20 dB in following experiments. In addition, as a matter of convenience for experiments, perturbations between different channels are assumed to be constant as
(34) The amplitude and phase parameters of f 0 can be set to vary from 0 dB to 1 dB and 0 • to 10 • , respectively, and the channel crosstalk δ 0 is set to have a range from −40 dB to −10 dB. A true FRA value of 10 • is injected into Data 1, whose original FRA has been eliminated with the preliminary application of the symmetrization operation. The RMS principle employed in the existent researches tends to confuse the estimation bias with STD [19] , [20] . Therefore, rather than RMS, both of the estimation bias and STD versus SNR, f 0 and δ 0 are illustrated for a comprehensive evaluation, and results are described in FIGURE 5. As to SNR, it is shown in FIGURE 5(a) that B&B has the superior robustness and W 1 takes second place. Furthermore, other estimators, including F2, Li1, Li2, Ch3 and Ch6 seem to be incompetent, for a reason that F2 has a larger estimation biases despite the low standard deviations; Li1, Li2, Ch3 and Ch6 share a closely consistent and intensive sensitivity. As to the channel imbalance, including the amplitude imbalance shown in FIGURE5(b) and the phase imbalance described in FIGURE 5(c), B&B and F2 share the optimal performance. Although Ch3 also shows the optimal performance regarding the amplitude imbalance, it performs poorly in terms of the phase imbalance; the condition is inverse for Li1. Finally, as to the channel crosstalk shown in FIGURE 5(d) , Ch6 shows the optimal performance, while B&B and F2 share the nearly consistent robustness.
2) SENSITIVITY TO TRUE FRA
Some studies also mentioned that the performance of FR estimation could be dependent on the true value of FRA [19] - [21] . Hence, relevant experiments on basis of Data 1 are implemented with a typical calibrated system (SNR = 20dB, |f 0 | = 0.5dB, arg (f 0 ) = 1deg, |δ 0 | = −25dB), and the result is shown in FIGURE 6. It is concluded that F2 is least sensitive, but it has been abandoned for its bad performance in terms of SNR. B&B also shows good robustness to the true FRAs. In addition, all estimators tend to become deteriorated when the true of FRA is close to 45 • . It is mainly resulted from the ambiguity inconsistency of the FRA estimates within a SAR image [25] . To conclude, B&B proves to be the optimal one. On the whole, it shows the best robustness as to system noise, channel imbalance, crosstalk and the true FRA. Other estimators are eliminated because of one particular aspect or more with bad performance, mainly in virtue of their strong dependence upon the reflection symmetry principle or SNR weakness in their mathematic expressions. Hence, B&B with the optimal robustness will be applied to the following FRA map.
V. RETRIEVAL OF THE SPATIAL-VARIABLE FRA DISTRIBUTION
A. AN FRA MAP PROCEDURE As mentioned above, it is likely that the FRAs within a SAR image tend to have a spatial-variable distribution, mainly due to the medium-scale background ionosphere and the visible range with a variation from the close to far swath. A step-tostep procedure for mapping the spatial FRAs is proposed and illustrated in FIGURE 7, which is described as follows.
In the first place, accurate FR estimation are necessary for the FRA map, and thus the optimal estimator is applied. It is necessary to depress the system noise to obtain a centralized distribution of FRAs. As mentioned above, we can use a box car filter with a typical window size; its estimation accuracy will be improved by enlarging the window size of the average filter, which nevertheless tends to blur the spatial structures of the FRA distribution at the same time.
In the second place, the FRA ambiguity correction, including the ambiguity uniformization and the holistic ambiguity correction, is unnecessary for the L-band missions, but it may be demanded for the future P-band missions to get accurate FRA estimates [22] . The ambiguity uniformization should be particularly solved. When the wrapped FRA is close to ±45 • , the ambiguity magnitude is not consistent, and the estimates are classified into two groups: one close to 45 • and the other close to −45 • . Total numbers of the two groups are counted and represented as K1 and K2, respectively. According to the maximal likelihood principle, the group with the quantitative superiority is more likely to occur, and the magnitude of the other group should be modified. For example, if K 1 is larger than K 2 , the FRA estimates close to −45 • should add 90 • ; otherwise, the estimates close to 45 • should be subtracted by 90 • . At last, the holistic ambiguity correction can be solved by using FR prediction [19] .
Thirdly, a reasonable range of the FRA fluctuation should be selected as a criterion to eliminate estimation anomalies from the estimation results. Generally, the FRA estimates can be considered as the fluctuations corresponding to the global estimation result, and it is known that FRA fluctuations are relatively slight within a real SAR image [8] . Hence, if some estimated results surpass the reasonable range, those pixels or blocks should be masked and eliminated as bad estimates. Given that the FRA estimates approximate a normal distribution, µ ± nξ (µ is the average, ξ is the standard diviation and n is an unknown integer) can be be used as a reference range and the confidence probability can respectively reach 68.27 %, 95.45 %, 99.74 % for n = 1, 2, 3. The confidence probability is important for the FRA map, which can be artificially determined by predicted range of FRAs based on the local predicted ionospheric status, the carrier frequency and the scene size of the PolSAR data. Furthermore, the another criterion should also be as a reference of the outlier rejection that the FRA value is positive in the northern hemisphere and negative in the southern hemisphere [13] . Based on these criteria, the mask can be generated and untrustful results can be effectively eliminated.
At last, it is supposed that the selected pixels or blocks are trustful and can be used in the surface fitting procedure. The objective of the surface fitting is to provide the FRA map for the holistic scene. In virtue of the slow variation of FRAs, only linear and quadratic components are sizable and need to be considered. Therefore, a simple surface fitting approach is based on a 2-order and 2-dimensional polynomial model, and can be given as In an attempt to explore the feasibility of retrieving a spatial distribution of FRAs from spaceborne PolSAR data, a set of airborne P-band PolSAR image data is employed, which was obtained in 35.53 • N , 110.49 • E on 29th December 2015. In following simulations, the SAR payload is artificially moved to the PALSAR's orbit, a sun-synchronous orbit at the height of 695 kilometers. Its system parameters are summarized in TABLE 3. Due to the unknown polarimetric calibration quality, the original PolSAR data is processed by symmetrization, and a typical calibration of SNR = 20dB, into the pure data. The local VTEC value at midday of that day is predicted by utilizing the IRI and estimated as a crude reference of 20.7 TECU. It is converted to STEC with 33.9 TECU on basis of the satellite-to-earth geometric relationship. Furthermore, the TEC-to-FRA coefficient is predicted to be 1.35 deg/TECU by adopting the IGRF; thus the predicted FRA is 45.8 degrees. A spatial FRA distribution nearly varying 44.3 • to 47.9 • is simulated and illustrated in FIGURE 8. It is injected into the pure image, and the Pauli decomposition of the original and contaminated images is shown in FIGURE 9 . In comparison, it shows that the original polarimetric characteristic has been seriously distorted by FR impacts, which should be estimated and corrected. Therefore, the B&B estimator as the optimal one is adopted to estimate FRAs. An averaging filter with a window size of 30 × 30 is utilized to obtain a more centralized distribution of FRAs. The FR estimation result is described as a scattering distribution diagram in FIGURE 10(a). It shows that the FRA distribution is split into two groups, one group close to 45 • VOLUME 7, 2019 and another group close to −45 • , which means the ambiguity magnitude is not uniform and demands for rectification. After performing the ambiguity unification and holistic correction, the scattering distribution diagram is modified and illustrated in FIGURE 10(b). The average FRA value is 45.8 • and the estimation STD is 0.90 • . The trustful interval within µ ± 3ξ is employed, due to the known variable range of FRAs in our simulation; of course, this range is generally sheltered in real data processing, but it can be predicted with an application of external database. Based on the outlier rejection, the trustful interval derived from the average and STD is from 43.1 • to 48.5 • degrees and illustrated as red dashed lines in FIGURE 10(b). All FRA estimates are within the trustful interval and thus remain to be employed in surface fitting, which is shown in FIGURE 10(c). Finally, the differential map derived from the original and retrieved FRA maps is illustrated in FIGURE 11(a), which is based on FR estimation by employing B&B. Eventual FRA biases are tiny components, less than 5 × 10 −3 degrees, which validates the effectiveness of the FRA map. The processing here is based on ALOS-2 data because of its wider swath than PALSAR, which shows more potential to contain varying FRA terms. As depicted in FIGURE 3, FR estimation has been implemented for Data 5, but the FRA estimates are still distributed in a wide variation even with a 10 × 10 averaging filter. For the L-band mission with a similar scene size to the Data 5, the spatial variation of FRAs is predicted not to surpass 1 • . Therefore, in the FRA mapping procedure, an averaging filter with a larger window of 50×50 and the µ±ξ principle of outlier rejection should be applied to the B&B, which is suitable to preserve the spatial structure of FRAs. A scattering distribution diagram is shown in FIGURE  12 with a mean value of 4.1536 • and an accuracy of 0.2906 • . According to the outlier rejection that sifts those estimates out of µ±ξ , a reasonable interval calculated from the average and STD is also illustrated as red dashed lines in FIGURE 12. Even though the FRA estimates do not strictly obey normal distribution, those selected pixels or blocks are still more than a half, which is considered to be reasonable. The ambiguity correction is not required for this case. Then, these trustful estimates are applied to the surface fitting, and the FRA map is described in FIGURE 13. It indicates that the significant trend of the FRA variation emerges in the range direction, which is mainly due to the STEC varying from the close to far swath. 
2) FURTHER DERIVATION FOR THE IONOSPHERIC MAP
According to (20) , we can further calculate the ionospheric STEC and VTEC maps from the FRA map. On basis of the geographic location and radar parameters that is summarized in TABLE 1, the TEC-to-FRA coefficient of Data 5 can be derived via IGRF, which is approximately 0.1234 deg/TECU. Hence, we further illustrate the STEC map in FIGURE 14(a) . The spatial distribution of sec χ (x, y) can be modeled as R (x, y) /H s , where H s is the satellite altitude, and R (x, y) represents the slant range of each pixel within the image and approximates a linear variation from the close to far swath. By calculating sec χ (x, y), the VTEC map is further derived and described in FIGURE 13(b) . The result indicates that the ionospheric map is an alternative method for ionospheric sounding, which is beneficial to mitigating background ionospheric effects for PolSAR data. 
VI. CONCLUSION
The FR impact is a significant distortion for the polarimetric application of the spaceborne SAR system, which operates at L-band or P-band. Mainly caused by background ionosphere, the FRA values within a SAR image have a potential spatialvariable distribution, which is particularly investigated in this paper. Even though there are still novel FR estimators we can derive, theoretical analysis of estimation performance shows the earlist one has the optimal robustness. This mathematical conclusion is validated by performing comprehensive performance analysis. At last, an improved step-to-step procedure with consideration of the potential FRA ambiguity inconsistency is proposed and realized via simulation. The real data processing based on ALOS-2 data demonstrates the potential of the FRA or ionospheric TEC map. In the near future, more PolSAR data obtained by both L-band and Pband missions are available with high quality. We expect to further validate the effectiveness of the FRA map. Based on the FRA map, an alternative approach of ionospheric sounding or tomography comes true, and the ionospheric impacts on original images and subsequent applications can be effectively compensated.
APPENDIX LINEAR OR CIRCULAR PCM
The covariance matrix of (22) 
